A broad range of theories of gravity lead to no-hair theorems: even in the presence of extra fields which are non-minimally coupled to gravity, black holes are exactly as those found in General Relativity. We show that it is possible to grow hair on a what was originally a (no-hair) Schwarzschild black hole if one assumes a periodically time-varying (but spatially homogeneous) background for the extra field. Through numerical simulations of a minimally coupled massive Klein-Gordon scalar field, we show how a non-trivial profile can emerge on a time scale related to the mass of the black hole. We undertake simulations with and without backreaction on the metric and see that the essential, qualitative features remain consistent. The results are particularly relevant for scalar-tensor theories of gravity and dark matter models consisting of a massive scalar, e.g. axions.
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Introduction: Black holes (BHs) are some of the most remarkable objects in nature. While we have acknowledged their existence for many decades, the recent detections of BH mergers by Advanced LIGO [1] and VIRGO [2] , or the imaging of the event horizon of the BH at the heart of M87 [3] , further reinforce our belief in them as a part of the astronomical zoo. BHs are also remarkably featureless. In the context of GR and under certain restrictive assumptions [4, 5] , it is often stated that BHs have no hair. This is true even for a broad class of extensions of GR [6] [7] [8] [9] . Yet, BHs live in a dynamical, complex and evolving Universe which breaks many of these assumptions and so, given our new-found ability to probe BHs with gravitational waves or imaging, one needs to revisit the possibility that they may have hair.
Of particular interest is the possibility that a BH may have scalar hair [10] . This means that it will have a scalar field ϕ with a non trivial profile surrounding it which may, in turn, modify the metric. Scalar fields exist in nature, can arise in a number of candidate fundamental theories [11] , and may lead to "fifth" forces which can be constrained in a number of ways [12] . They are also the basis for several popular dark matter (DM) candidates, such as axions. A number of counterexamples violating the no hair theorems have been analyzed, leading to either long lasting hair or wigs [13] [14] [15] . Furthermore, in the case of rotating -i.e. Kerr -BHs, a superradiant instability can lead to the spontaneous production of scalar particles, without requiring an initial seed (see [16] for a review). In this Letter, we discuss the scenario where scalar hair grows due to the fact that the BH and scalar field are embedded in a time varying but spatially homogeneous background (such as in the case of the axion).
In a seminal paper [17] , Jacobson showed that it was possible to endow a BH with hair if it is embedded in a cosmological spacetime dominated by a minimally-coupled massless scalar field. Specifically, he considered a Schwarzschild background with spacetime line element:
FIG. 1. Two top figures show ϕ as a function of r * without backreaction. The first plot shows that the profiles depend on mass in a similar way to the expected analytical profiles -i.e. there are more oscillations for higher masses, and the envelope of the oscillations is well fit at larger radii by r −3/4 . The second illustrates the growth in time of the amplitude from a homogeneous state (with T m = 2π/m). The bottom plot shows a timelapse of ϕ versus r over a period of oscillation at a time oft/T m ∼ 200 for the backreacting case, which shows a consistent build up and profile.
where t, r, θ and φ are the time and polar coordinates, f (r) = 1 − R s r with R s = 2GM being the Schwarzschild radius in terms of the mass of the BH M and Newton's constant G. He showed that in this background it was possible to construct a non-trivial solution for ϕ(t, r) which varied with time asymptotically, ϕ(t, r → ∞) ∝ t and which was regular at the horizon.
In this Letter, motivated by Jacobson's work, we focus on the case of a minimally-coupled scalar field with mass m and analyze the dynamical formation of scalar hair around a Schwarzschild BH. In particular, we numerically study and show how an initially homogeneous and isotropic cosmolog-ical scalar field, with ϕ(t) ∝ e imt , evolves in time and settles around the BH, forming a scalar cloud (illustrated in Fig. 1) . Framework: Consider a single real scalar field minimally coupled to the metric, satisfying the massive Klein-Gordon equation on a curved spacetime. Let us assume that the energy density of the scalar field is low enough that we can neglect backreaction of the metric and consider the spacetime to be given by the Schwarzschild background in eq. (1) (we consider the effect of backreaction later). Such scalar field can arise, for example, in scalar-tensor theories [18, 19] , or as a good approximation to an axion-like particle with mass m [20] [21] [22] [23] .
The equation of motion of the scalar field for sphericallysymmetric profiles will be given by the Regge-Wheeler equation [24, 25] :
with r * = r + R s ln (r/R s − 1) the tortoise coordinate and V s (r) = f (r) R s /r 3 + m 2 the effective potential, for the relevant case of zero angular momentum. One can look for solutions of the form ϕ = e iωt ψ(r), and see that near the event horizon (r → R s ) we have that V s ≈ 0 and the solutions are superpositions of ingoing waves, ϕ ∝ e iω(t+r * ) . Conversely, at spatial infinity we have V s ≈ m 2 f (r) and the solutions are such that ϕ ∝ e im(t±2 √ r * ) /r 3/4 for ω = m or ϕ ∝ e i(ωt±kr * ) /r for ω 2 = m 2 + k 2 . It is possible to construct exact solutions (which we will not study here) for the entire spacetime [26] [27] [28] [29] , based on the Huen functions which describe a scalar cloud surrounding the BH and smoothly interpolate between the two regimes mentioned above 1 . For a thorough analysis of the scalar field cloud in this case, see [30] . In this letter we focus on the dynamical growth of hair from a completely homogeneous scalar field to the scalar cloud described. This is somewhat different to the analytic solutions as we do not require that the spatial profile decays at infinity, but rather consider a cosmological setup in which the field has an asympotically finite amplitude of oscillation, at least over some region which is large relative to R s . For cases without backreaction, we employ the code and methods of [31] . We fix the metric to eq. (1), although we use Cartesian Kerr-Schild coordinates (see e.g. [32] ), which are horizon penetrating. The Kerr-Schild time coordinatet is related to the Schwarzschild coordinate t through t = t + R S ln (r/R S − 1). The radial coordinates are those of Schwarzschild but in presenting our results we convert to the tortoise coordinate r * for clarity. We set R s = 1 and study the formation of the cloud in three different cases: GMm = 0.5,
For cases with backreaction, the numerical relativity code GRCHOMBO (www.grchombo.org) is used (see [33, 34] for details). The approach and code was adapted from that used in [35] , which employed standard Numerical Relativity (NR) techniques. The BSSN/CCZ4 formulation of the Einstein Equations is combined with the moving puncture method for stable evolution of BH spacetimes, and the initial data is conformally flat Bowen-York data [36] for an isolated BH. We are required to add a spatially constant value for the trace of the extrinsic curvature, K = − √ 24πρ 0 , so that the Hamiltonian constraint is properly satisfied in the presence of the nonzero field. This results in a background with the spacetime asymptotically expanding, as motivated by our cosmological scenario. For these simulations we focus on the case with GMm = 1.
For all simulations the initial conditions for the scalar field are set to ϕ(t = 0, r) = ϕ 0 and ∂ t ϕ(t = 0, r) = 0. We choose an initial amplitude ϕ 0 such that the energy density is ρ(t = 0, r) = ρ 0 = 10 −10 R −2 s in geometric code units. In physical units this is significantly higher than the average energy density of dark matter 2 . In the case without backreaction, we are only interested in the evolution of the field and the absolute energy density of the field is not particularly relevant, but in the case with backreaction we should bear in mind that the expansion of spacetime and backreaction effects will be significantly higher than in a physically realistic scenario, so this is an overly stringent test of robustness to backreaction effects.
We implemented non-zero, time oscillating boundary conditions for the scalar field by extrapolating the field from within the numerical domain. After testing several possibilities, we imposed that the field amplitude is extrapolated either linearly ϕ = B − Ar or as r −3/4 at the boundaries, with the case chosen at each step which minimises the change from the values within the domain. During the build up of the cloud the energy density at the boundaries decreases only fractionally and the field profile remains smooth as it oscillates. Note that, unlike in the analytic solution, our boundaries do not permit ingoing waves of frequency m, and are not initially constrained to decay as r −3/4 . Despite this, we see the growth of a cloud with a similar form to the analytic solutions. Results: We begin with the results without backreaction. In Fig. 1 we see the growth of the scalar amplitude around the BH for GMm = 1, starting from a homogeneous profile; after an initial transient period, there is a steady, approximately linear build up in the ingoing waves, which have a spatial envelope well fit by a 1/r 3/4 dependence. Note that further out the field asymptotes to a homogeneous profile (the boundary is at r = 512R s ), so an extrapolation of the 1/r 3/4 fit at smaller r lies above the asymptotic values. Over time the amplitude at the boundary is decreasing -the field is gradually redistributing itself into the analytic profile -but the timescale for this is longer than the simulation time. We show the time evolution in more detail in Fig. 2 , which shows the evolution of the amplitude of the scalar field oscillations as a function of time at several selected values of r * . Note that in the backreaction case we cannot define r * as the gauge is dynamical, but we select the same coordinate locations as the fixed case for the plot. Whilst these will not give the same physical positions in space, we still see a consistent pattern for the build up.
The rate of growth is faster as a function of the number of oscillations, n, in the lower mass cases, with a dependence on m after the initial transient period of 1 ϕ 0 dϕ/dn ∝ 1/ √ m. Given that the oscillation period T m ∝ 1/m, the physical rate of build up will scale as 1 ϕ 0 dϕ/dt ∝ √ m. The top panel of Fig. 3 shows the volume integral of the energy density within a radius of r = 100R s (excluding the region within the horizon), with 1 ρ 0 dV d( ρdV )/dn ∝ 1/m as expected since the energy density scales as ρ ∝ ϕ 2 . Thus the energy density grows at a rate in real time which is independent of the mass of the field, and we measure the physical time for the mass within r < 100R s to double as t = (M/M )6 ms. These values are consistent with the freefall timescale for the BH, which is reasonable as the oscillating scalar should behave roughly as matter for GMm > 1, and our initial conditions do not provide it with angular momentum for support. However, unlike a true pressureless dust, the scalar does not fall into the BH but rather builds up in a cloud, supported by the scalar gradients. Previous results have shown that the decay rate of scalars around BHs is small, so that they do not need significant energy input to grow. The growth rate of the cloud is thus approximately independent of the mass of the scalar 3 .
The bottom panel of Fig. 3 shows the energy flux across spheres of radius r * , calculated as dE/dt = 4πr 2 S r with the momentum density S r (r) ∝ ∂ r ϕ∂ t ϕ. The values are averaged over several oscillations of the field, showing a net inflow towards the BH (note that the momentum density actually oscillates between inflow and outflow over each period). At later times the flux at larger radii appears to level out into a constant inflow, but the rate of inflow at smaller radii is relatively suppressed, which results in the growth of the cloud as shown in the top panel of the figure.
In the case of GMm = 1 it appears that the cloud saturates at a constant energy density aroundt ∼ 700T m . However, we found that at later times the field oscillations became disturbed, with large oscillations in the amplitudes. This is most likely due to unphysical effects from the imposed boundaries. The GMm = 0.5 case appears to grow further, and did not saturate in the time studied. This requires further investigation, but notice in Fig. 1 that the spatial oscillations and r −3/4 profile spread outwards from the BH as time elapses. At some point the boundary condition imposed starts to be inconsistent with the physical solution, in which the oscillations would continue to spread outwards throughout the homogeneous field. We therefore expect that the cloud should continue to grow in accordance with the freefall timescales, feeding off the reservoir at r = +∞. As we explain in the discussion section, these timescales may be cosmological for physical DM systems.
During the growth of the scalar cloud the time frequency of the oscillations depends on time and space, but after only ∼ 20 oscillations it converges to a constant given by m. We observe a similar behaviour for the spatial frequencies, with a spatial dependence on m as shown in Fig. 1 . Our results thus approximately fit the k = 0 analytical results, which is consistent with our choice of initial conditions -set such that the spatial momentum of the field is zero. This is consistent with the cold DM case, for which the momentum is small relative to the mass, although one would expect a non zero angular momentum. We now focus on the case with backreaction. The plots in Fig. 1 and Fig. 2 compare the profiles and evolution of the scalar field as a function of time in the backreacting and non- backreacting case. Whilst in the backreacting case the dynamical gauge means that the field cannot be directly compared at the same radial coordinate, the two do show a very similar rate of build up, meaning that, at least in the initial stages, backreaction does not suppress the growth of the cloud.
Whilst the build up shows roughly the same growth in the amplitude at a given coordinate radius in the backreacting case as at a fixed tortoise coordinate r * in the non-backreacting one, in the former the energy density of the cloud is actually being diluted by the expansion of the spacetime as the average scale factor increases by about 10%. As illustrated in the top panel of Fig. 3 , the overall energy of the cloud within a radius r = 100R s thus decreases over time. This illustrates that, depending on the asymptotic energy density of the field, the dilution due to expansion may out-compete the growth of the cloud. Assuming that the energy density of the cloud will scale as radiation, rather than matter (due to the significant contribution of the gradients), the critical value for the energy density at which the initial rate of dilution equals the rate of accumulation of the cloud is ∼ 10 −12 R −2 s , a factor of 100 smaller that the value we used, but still orders of magnitude larger than most physically relevant values, such as those in DM halos. We thus conclude that the backreaction of the scalar on the metric and the effects of cosmological expansion should not disturb the build up significantly in realistic scenarios.
In Fig. 4 we quantify the non-zero value of the 4D Ricci scalar as a result of the presence of the cloud, calculated as (4) R = 8π(ρ − S) with S the isotropic stress of the scalar field.
The absolute values are compared to the square root of the Kretchmann Scalar for the BH K BH = 12R 2 s /r 6 and the Ricci scalar for the cosmological spacetime R C = 24πGρ 0 . Whilst the effects close to the BH are small relative to the curvature of the BH itself, further out the deviations become more sig-nificant, and asymptote to values of order R C , but with a characteristic oscillating imprint related to the mass of the scalar. Discussion: We have shown how massive scalar hair can emerge in a dynamical situation, with non-trivial time-varying boundary conditions set by cosmology. The scalar hair grows even in simulations in which backreaction from the metric is taken into account, stabilizing into a scalar field cloud. The growth timescales of the cloud are comparable to the freefall timescales for the BH, with the scalar cloud feeding off the (in principle infinite) reservoir at r = +∞. Including backreaction, we find that the scalar field profile evolution is very similar, only diluted by the cosmological expansion for the values chosen -for more realistic values this effect would be small. We find a profile of oscillating deviations to the Ricci scalar with a scale set by m, which propagate outwards from the BH over time.
To approximately illustrate the potential cloud sizes, consider the example cases of a solar mass BH in a background of DM with a density ∼ M /pc 3 and a homogeneously oscillating region of size L ∼ pc, or a SMBH with a mass of 10 10 M in a region of size L ∼ kpc. In thinking about an end state, we are implicitly assuming that the region is just some local homogeneous patch, rather than a field which is truly stretching out to infinity. In the former case the matter should simply redistribute from a uniform distribution into a r −3/2 profile for the energy density, such that the oscillations at the boundary ultimately decay to zero in a time related to the freefall time t f f ∼ L R s 3/2 R s . In the latter case, the build up will spread outwards from the BH but can never saturate as the reservoir of scalar matter is infinite as r → ∞ and cannot be depleted (although the Hubble scale ultimately provides a finite limit). Assuming the former, we can quantify the time to reach a final state as ∼ 10 million years for the solar mass BH and ∼ 1 million years for the SMBH, with ρ at the horizon ultimately enhanced by a factor of 10 19 and 10 9 respectively, assuming that the scalar mass is conserved and does not fall into the BH.
We emphasise that our discussion neglects angular momentum, which would reduce the infall and change the picture for a more physically realistic scenario. But we would still expect similar clouds to build up, only with an angular spatial dependence in the profile related to the relevant spherical harmonics.
One may also consider a non-DM cosmological scalar -for example, a scalar that is part of a modified gravity model. Even very tiny coherent oscillations, on cosmological scales, would build up in amplitude around BHs in a similar way to what we describe here, leading to modifications to GR localised around BHs which increase over time.
With new windows on the Universe -gravitational waves and the EHT -we are probing BHs in ever more dynamical situations. Our hope is that the process we describe here will be further enriched in binary BH systems. There is already tentative evidence that a cloud of axions around inspiralling BHs will impact on the merger [37] [38] [39] . But one also expects cases where binary systems have time scales similar to that of the scalar field to show interesting behaviour (see [40] [41] [42] ). We are currently exploring this dynamical pathway.
